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Abstract
Let L/K be a Galois extension of number ﬁelds and let A be an abelian variety deﬁned
over K . In this paper we establish the relation between the irreducible characters of the Galois
group Gal(L/K) and the simple factors of the restriction of scalars ResL/K(A) of A from L
to K . Then we derive some equivalences of Birch and Swinnerton–Dyer conjectures.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction
In this paper our ﬁrst aim is to establish the connection between the factors of the
restriction of scalars and the representations of Galois group. Let A be an abelian
variety deﬁned over a number ﬁeld K . Let EndK(A) denote the ring of K-rational
endomorphisms of A and let End0K(A) := EndK(A)⊗Z Q be its associated Q-algebra.
Assume that the endomorphism algebra End0K(A) is a ﬁeld, denoted by F . Suppose that
L is a ﬁnite Galois extension of K with Galois group G such that End0L(A) = End0K(A).
We need above restrictions to use the representations of ﬁnite groups over ﬁelds. To
ﬁnd some examples satisfying these restrictions, see [11].
Theorem A. Let 1, . . . , r be distinct irreducible characters of G over F and let
1, . . . ,r be corresponding matrix representations of G over F. Deﬁne ni =
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i (1)|G|∑
∈G i (−1)i ()
and deﬁne
Bi = 
(
1
|G|
∑
∈G
i (
−1)T 
)
ResL/K(A)i (1),
where T means transpose of the matrices. For the deﬁnition of the homomorphism ,
see Section 2. Then the restriction of scalars of A from L to K is K-isogenous to a
product
ResL/K(A) ∼K Bn11 × · · · × Bnrr .
Proof. It is obvious from Lemma 3.2. 
The Bi are K-simple abelian varieties which are pairwise non-K-isogenous. Note that
the existence of this isogeny is obvious by Poincaré’s complete reducibility theorem
(cf. [4, p. 310]).
In Section 5 we derive some equivalences of the Birch and Swinnerton–Dyer con-
jectures.
Theorem B (Theorem 5.3). Let H1 and H2 be subgroups of G. Let i be an irre-
ducible character of Hi . Assume m1 IndGH1(1) = m2 IndGH2(2) with positive integers
mi . Then the conjecture BSD′((1)ResL/LH1 (A), LH1) is equivalent to the conjecture
BSD′((2)ResL/LH2 (A), LH2).
2. Restriction of scalars
We deﬁne the restriction of scalars as Weil did in [9, p. 5]. Let L/K be a separable
algebraic extension of degree d . Let V,W be varieties deﬁned over L, K , respectively.
Let  : W → V be a map deﬁned over L. Let  = {1, . . . ,d} be the set of all
distinct isomorphisms of L into K . We can then deﬁne  : W → V , and also
(1 , . . . ,d ) : W → V 1 × · · · × V d
this being the mapping w → ((w))∈. If the latter map gives an isomorphism,
we call W (actually the pair {W,}) the variety obtained from V by the restriction
of scalars from L to K and write {W,} = ResL/K(V ), or, by abuse of language,
W = ResL/K(V ).
Theorem 2.1 (Existence and universal mapping property). Suppose A is an abelian va-
riety deﬁned over L and L/K is a separable ﬁeld extension. Then there exists a
restriction of scalars of A from L to K, which is also an abelian variety.
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Let X be a variety deﬁned over K, and let f : X → A be deﬁned over L. Then
there is a unique F : X → {ResL/K(A),} deﬁned over K such that f =  ◦
F . Furthermore, HomK(X,ResL/K(A)) and HomL(X,A) are isomorphic through the
above correspondence.
Proof. See [9, p. 6]. 
Note that from the above universal mapping property, a restriction of scalars of A
from L to K is uniquely determined up to K-isomorphism.
Let A be an abelian variety deﬁned over a number ﬁeld K and let L be a ﬁnite
Galois extension of K with Galois group G. Denote by EndL(A)[G] the twisted group
ring with multiplication deﬁned by
(∑
∈G
p
)(∑
∈G
q
)
=
∑
,∈G
(p ◦ q−1 )
for p, q ∈ EndL(A).
For each  ∈ G,  ∈ HomL(ResL/K(A),A). By the universal mapping property,
there is a unique  ∈ EndK(ResL/K(A)) such that  ◦  = 
−1
. For any f ∈
EndL(A), f ◦  ∈ HomL(ResL/K(A),A). By the universal mapping property, there is
a unique endomorphism f˜ ∈ EndK(ResL/K(A)) such that  ◦ f˜ = f ◦ .
Deﬁnition. Deﬁne a map  : EndL(A)[G] → EndK(ResL/K(A)) by

(∑
∈G
p
)
=
∑
∈G
p˜ ◦ ,
where p ∈ EndL(A).
Lemma 2.2. The map  is a ring homomorphism.
Proof. Because  ◦ ( ◦ ) = 
−1 ◦  = ( ◦ )−1 = (
−1
)
−1 = ()−1 =
◦, we get ◦ =  by the universal mapping property. Because ◦◦ q˜ =

−1 ◦ q˜ = ( ◦ q˜)−1 = (q ◦ )−1 = q−1 ◦ 
−1 = q−1 ◦  ◦  =  ◦ q˜−1 ◦ ,
we have  ◦ q˜ = q˜−1 ◦  by the universal mapping property. Therefore, the map
 is a ring homomorphism. 
We can naturally extend the map  to a map from EndL(A)[G] ⊗Z Q to
EndK(ResL/K(A)) ⊗Z Q, which again will be denoted by . Then the map  :
EndL(A)[G] ⊗Z Q → EndK(ResL/K(A)) ⊗Z Q is a ring homomorphism. Denote
EndK(A)⊗Z Q by End0K(A).
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Lemma 2.3. The map  is an isomorphism.
Proof. Let A = A for  ∈ G. Let  :∏∈G A → A denote the projection onto the
th factor and let 	 : A →
∏
∈G A denote the inclusion map into the th compo-
nent: 	(a) = (0, . . . , 0, a, 0, . . . , 0). From the deﬁnition of restriction of scalars the
map (. . . ,, . . .) : ResL/K(A)→∏∈G A is an isomorphism deﬁned over L. Deﬁne
u := (. . . ,, . . .)−1 : ∏∈G A → ResL/K(A). For 
 ∈ End0K(ResL/K(A)), deﬁne

 =  ◦ 
 ◦ u ◦	−1 ∈ End0L(A). Then because  ◦ (
∑
 
˜ ◦) =
∑
 
 ◦
−1 =
 ◦ 
 ◦ u ◦ (∑ 	−1 ◦−1) =  ◦ 
, we get 
 = ∑∈G 
˜ ◦ = (∑∈G 
).
Therefore,  is surjective.
For
∑
∈G p ∈ End0L(A)[G], suppose (
∑
∈G p) =
∑
∈G p˜ ◦ = 0. Then
p = 0 for  ∈ G because  ◦ (∑∈G p˜ ◦) ◦ u ◦	−1 = (∑∈G p ◦−1) ◦ u ◦	−1= (∑∈G p ◦−1) ◦	−1 = p. Therefore,  is injective. 
From now on we will identity End0K(ResL/K(A)) with End
0
L(A)[G] through . Even
for a different abelian variety B and for a subgroup H ⊂ G we will use the same
notation  for the isomorphism End0L(B)[H ] → End0LH (ResL/LH (B)).
Theorem 2.4. For a subgroup H of G, we have the isogeny(∑
∈H

)
ResL/K(A) ∼K ResLH /K(A),
where ∼K means K-isogenous.
Proof. See [10, Theorem 2]. 
3. Representation
By Poincaré’s complete reducibility theorem (cf. [4, p. 310]), the restriction of scalars
ResL/K(A) is K-isogenous to a product
ResL/K(A) ∼ Bn11 × · · · × Bnrr , (∗)
where the Bi are K-simple abelian varieties which are not K-isogenous to each other.
Then from the isogeny (∗), there is a ring isomorphism
End0K(ResL/K(A)) ∼= Mn1(S1)⊕ · · · ⊕Mnr (Sr),
where Si := End0K(Bi) is a division ring. From now on, assume that End0K(A) =
End0L(A) and that End0K(A) is a ﬁeld, denoted by F . From Lemma 2.3, we know
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End0K(ResL/K(A)) ∼= F [G]. Thus, for each i, 1 ir , there exists an irreducible F [G]-
module Vi with the property that Vi is faithful on the subalgebra Mni (Si). Let i :
F [G] → Mmi (F ) denote a matrix representation afforded by Vi and let i () =
tr(i ()) denote its character. For each i , deﬁne the contragredient representation
∗i : F [G] → Mmi (F ) by ∗i () = i (−1)T , where T means transpose of matrices
and deﬁne ∗i () = tr(∗i ()) to be its character. Note that ∗i () = i (−1).
For a positive integer m the restriction of scalars of Am from L to K is {ResL/K(A)m,
m}. From the above isogeny (∗), ResL/K(A)m ∼K ∏i Bmnii . Then End0K(ResL/K(A)m)∼= Mm(F)[G] ∼= ⊕iMmni (Si). Through the isomorphism Mm(F)⊗FF [G] ∼= Mm(F)[G],
we get Mm(F)⊗F Mni (Si) ∼= Mmni (Si). Deﬁne 1m⊗i : Mm(F)⊗F [G] → Mm(F)⊗
Mmi (F ) by (1m⊗i )(a⊗) = a⊗i (). Now Vmi is an irreducible Mm(F)[G]-module
with the property that Vmi is faithful on the subalgebra Mmni (Si). Then 1m⊗ i is the
representation afforded by Vmi (see [3, Proposition 1.4]).
Lemma 3.1. Let ni = i (1)|G|∑
∈G i (−1)i ()
. Then i = ni|G|
∑
∈G
i (
−1) is an idem-
potent element in F [G] and i (1) = ni dimF (Si).
Proof. Let F ⊃ F be a splitting ﬁeld for G. There is an irreducible character i of G
over F and an intermediate ﬁeld F(i ) such that
i = sF (i )
∑

∈G(F(i )/F )

i ,
where sF (i ) is the Schur index of i over F (see [1, Theorem 24.14]). It is easy
to check
∑

∈G(F(i )/F )
i (1)
|G|
∑
∈G

i (
−1) = i (1)
sF (i )|G|
∑
∈G
i (
−1) is an idempotent.
From the deﬁnition of idempotent, 2i = i , we have
i (1)
sF (i )
= ni = i (1)|G|∑
∈G i (−1)i ()
.
Then we get i (1) = ni dimF (Si) because i (1) = sF (i )i (1)[F(i ) : F ] =
nisF (i )2[F(i ) : F ] = ni(dimF(i )Si)[F(i ) : F ] = nidimF Si . 
For an idempotent  ∈ End0K(A), A denotes any representative of the isogeny class
containing the abelian subvarieties (n)A ⊂ A, where n ∈ N is chosen such that
n ∈ EndK(A) ⊂ End0K(A) (see [4, p. 310]).
For a representation  of G over F of degree m = tr((1)), deﬁne () =
1
|G|
∑
∈G
() ∈ Mm(F)[G]. For an irreducible character  of G over F , deﬁne
() = n|G|
∑
∈G
() ∈ F [G] with n = (1)|G|∑
∈G (−1)()
. But by abusing the
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notations, () represents 
(
1
|G|
∑
∈G
()
)
∈ End0K(ResL/K(A)m) and () repre-
sents 
(
n
|G|
∑
∈G
()
)
∈ End0K(ResL/K(A)), too.
Lemma 3.2. We have following isogeny relations
(∗i )ResL/K(A) ∼K Bnii and (∗i )ResL/K(A)i (1) ∼K Bi.
Furthermore, ResL/K(A) ∼K ∏i Bnii .
Proof. By using [4, Theorem 1], we have an isogeny (∗i )ResL/K(A) ∼K Bnii be-
cause j ((
∗
i )) = iji (1) = ij nidimF (Si), where ij is the Kronecker delta. In a
similar way, we have a K-isogeny (∗i )ResL/K(A)i (1) ∼K Bi because tr((1i (1) ⊗
j )(
∗
i )) = ij
i (1)
ni
= ijdimF (Si). Because j (
∑
i (
∗
i )) = j (1), two elements
1 and
∑
i (
∗
i ) are character equivalent. Then by using [4, Theorem A] we get
ResL/K(A) ∼K ∏i (∗i )ResL/K(A) ∼K ∏i Bnii . 
4. Cohomology and isogeny
In this section we will establish a natural bijection between H1(G,GLm(F)) and
IsogL/K(Am), the set of abelian varieties deﬁned over K which are L-isogenous to
Am, modulo K-isogeny.
Lemma 4.1. Let  and ′ be two representations of G over F of degree m = tr((1)) =
tr(′(1)). The followings are equivalent:
(1) ()ResL/K(A)m ∼K (′)ResL/K(A)m.
(2) () and (′) are character equivalent in End0K(ResL/K(A)m).
(3)  and ′ are equivalent as group representations of G over F.
Proof. For the equivalence of (1) and (2), see [4, Theorem A]. We will show the
equivalence of (2) and (3). From [4, Remarks 2], two idempotents () and (′)
are character equivalent if and only if (′) = (
) ◦ () ◦(
−1) for some 
 ∈
Mm(F)[G]. Then with 
 =∑∈G a and 
−1 =∑∈G b where a, b ∈ Mm(F)
we have(
1
|G|
∑
∈G
′()
)
=
(∑
∈G
a
)(
1
|G|
∑
∈G
()
)(∑
∈G
b
)
=
(∑
∈G
a(−1)
)(
1
|G|
∑
∈G
()
)(∑
∈G
(−1)b
)
,
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where
(∑
∈G
a(−1)
)−1
= ∑
∈G
(−1)b in Mm(F). Therefore, the lemma
follows. 
Lemma 4.2. Let  be a representation of G over F of degree m = tr((1)). Let
{ResL/K(A)m,m} be the restriction of scalars of Am from L to K. Then the abelian
variety ()ResL/K(A)m is isogenous to Am over L.
Proof. Note that there is a positive integer N such that N() ∈ Mm(EndK(A)) for
all  ∈ G. Let A = A for  ∈ G. Let T1 : Am →∏∈G(A)m such that
T1(a) = (. . . , N()a︸ ︷︷ ︸
-th
, . . .).
Let u = (. . . ,, . . .)−1 : ∏ A → ResL/K(A) and let T2 = ∑ N˜() ◦. Then
m ◦ T2 ◦ um ◦ T1 = N2|G| : Am → Am. Furthermore,
(m) ◦ T2 ◦ um ◦ T1 = N2|G|().
Then T2 ◦ um ◦ T1 ◦m ◦ T2 = N2|G|T2 because (m) ◦ T2 ◦ um ◦ T1 ◦m ◦ T2 =
N2|G|(m) ◦ T2. Therefore, two abelian varieties T2(ResL/K(A)m) and Am are L-
isogenous with the maps m and T2 ◦ um ◦ T1. 
Suppose B is an abelian variety deﬁned over K which is L-isogenous to Am. Then
there are morphisms f : B → Am and g : Am → B deﬁned over L such that
f ◦ g = N and g ◦ f = N with a positive integer N . Deﬁne () = 1
N
f  ◦ g. Because
1
N
f  ◦ g ∈ Mm(F), it is obvious that () = ()(). So  : G → Mm(F) is a
representation of G over F of degree m.
Lemma 4.3. Let {ResL/K(B),B} be the restriction of scalars of B from L to K. Then
B ∼K
(∑
∈G
B,
)
ResL/K(B) ∼K ()ResL/K(A)m.
Proof. The ﬁrst isogeny is obvious from Theorem 2.4. Deﬁne f˜ : ResL/K(B) →
ResL/K(A)m by m ◦ f˜ = f ◦B and deﬁne g˜ : ResL/K(A)m → ResL/K(B) by B ◦ g˜
= g ◦m. The existence and the uniqueness of these maps come from Theorem 2.1.
Then because m ◦ f˜ ◦
(∑
∈G
B,
)
◦ g˜ = m ◦ ∑
∈G
˜f  ◦ g ◦ = m ◦N
∑
∈G
˜() ◦
, we get f˜ ◦
(∑
∈G
B,
)
◦ g˜ = N ∑
∈G
˜() ◦ = N |G|(). So ()ResL/K(A)m
∼K (∑∈G B,)ResL/K(B) because f˜ and g˜ are isogenies. 
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Note that H1(G,GLm(F)) is the set of representations of G over F of degree m,
modulo equivalence of representations. Deﬁne IsogL/K(Am) to be the set of abelian
varieties deﬁned over K which are L-isogenous to Am, modulo K-isogeny, that is,
IsogL/K(Am) = {abelian variety B deﬁned over K|B ∼L Am}/ ∼K .
Theorem 4.4. There is a natural bijection
H1(G,GLm(F))→ IsogL/K(Am)
deﬁned as follows: Let  be a representation of G over F of degree m. Then
[] → [()ResL/K(A)m] .
Proof. From Lemmas 4.1 and 4.2, for [] ∈ H1(G,GLm(F)), [()ResL/K(A)m]
∈ IsogL/K(Am) is well deﬁned. From Lemma 4.1, it is clear that the above map
is injective. We will show the surjectivity of this map. Suppose there is an equiva-
lent class [B] ∈ IsogL/K(Am). As it is described above Lemma 4.3, for each Bi ∈
[B](i = 1, 2), there is a representation i . By Lemma 4.3, (1)ResL/K(A)m ∼K
B1 ∼K B ∼K B2 ∼K (2)ResL/K(A)m. Now Lemma 4.1 implies that 1 and 2 are
in the same class of H1(G,GLm(F)). So for each [B], there is an equivalent class []
in H1(G,GLm(F)) such that ()ResL/K(A)m ∼K B. 
Lemma 4.5. Let H be a subgroup of G. Assume that  is a representation of H over
F. Denote its character by . Then we have the isogeny
ResLH /K(()ResL/LH (A)
(1)) ∼K ()ResL/K(A)(1).
Proof. Let B = ()ResL/LH (A)(1). From Theorem 2.4 we get an isogeny
ResLH /K(B) ∼K
(∑
∈H
B,
)
ResL/K(B),
where {ResL/K(B),B} is the restriction of scalars of B. From Lemma 4.2, the abelian
variety B is L-isogenous to A(1). As it is described above Lemma 4.3, there is a
representation B of H over F of degree (1). By using the same argument in the
proof of Lemma 4.3, it is easy to prove(∑
∈H
B,
)
ResL/K(B) ∼K (B)ResL/K(A)(1).
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Now Theorem 4.4 implies that two representations  and B are equivalent as group
representations of H over F . So there exists a matrix M ∈ Mm(F) such that B() =
M−1()M . Then we have (B)ResL/K(A)(1) ∼K (M˜−1()M˜)ResL/K(A)(1)
∼K ()ResL/K(A)(1). 
5. Birch and Swinnerton–Dyer conjecture
For a subgroup H of G, let MH be the category of ﬁnitely generated (right) F [H ]-
modules and let AH be the category of abelian varieties over LH up to isogeny whose
objects are abelian varieties but the group of morphisms from A1 to A2 is deﬁned
as HomLH (A1, A2) ⊗Z Q. Then MH and AH are abelian categories. Note that for
V ∈ MH with m = dimFV , there is a representation  of H over F of degree
m such that (∗)F [H ]m is isomorphic to V as F [H ]-modules. Then the mapping
()F [H ]m → ()ResL/LH (A)m deﬁnes a fully faithful functor TH from MH to AH .
For two representations 1, 2 of H over F , HomF [H ]((1)F [H ]m1 , (2)F [H ]m2 )
is isomorphic to HomLH ((1)ResL/LH (A)m1 , (2)ResL/LH (A)m2)⊗Z Q. Now TH is
an additive functor (see [2, Proposition 9.5]). Then for an irreducible character  of H
over F , from Lemma 3.2 it is obvious that TH (()F [H ]) = ()ResL/LH (A). There
is a variant of construction of TH in [6, Section 3].
Lemma 5.1. The functors {TH |H ⊂ G} satisfy the following two properties.
(1) Restricting an F [H ]-module to an F [H ′]-module for H ′ ⊂ H ⊂ G corresponds
to base extension of the abelian varieties from LH up to LH ′ .
(2) Inducing an F [H ′]-module up to an F [H ]-module for H ′ ⊂ H ⊂ G corresponds
to taking the restriction of scalars from LH ′ down to LH .
Proof. For a given representation  of H over F , construct an abelian variety B over
LH by following the paragraph before Lemma 4.3. Now the same variety B over LH ′
is associated to the restriction of  to H ′. Then (1) follows from Lemma 4.3.
Let ′ be a representation of H ′ over F of degree m. For an irreducible representation
	 of H over F afforded by an irreducible F [H ]-module V	, from the deﬁnition of
induced representation it follows that
tr
(
1m[H :H ′] ⊗ 	
(
1
|H |
∑
∈H
IndHH ′(
′)()
))
= 1|H ′|
∑
∈H ′
tr(′())tr(	())
= tr
(
1m ⊗ 	
(
1
|H ′|
∑
∈H ′
′()
))
.
As we see in Section 3, for a positive integer n, the representation 1n ⊗ 	 is af-
forded by the irreducible Mn(F)[H ]-module V n	 . Then from [4, Theorem 1] it follows
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that 
(
1
|H |
∑
∈H
IndH
H ′(
′)()
)
ResL/LH (A)m[H :H
′] is isogenous to 
(
1
|H ′|
∑
∈H ′
′()
)
ResL/LH (A)m over LH . Now Lemma 4.5 implies (2). 
Let L(A/K, s) be the L-function which is associated to the abelian variety A on K .
For the deﬁnition of L(A/K, s), see [5]. In this section we assume that any L-function
has analytic continuation around s = 1.
Conjecture (Birch and Swinnerton–Dyer). Suppose that the Shafarevich–Tate group
I(A/K) is ﬁnite. Write the Taylor expansion of L(A/K, s) at s = 1:
L(A/K, s) = c(A/K)(s − 1)r(A/K) +O((s − 1)r(A/K)+1).
Then the order of vanishing r(A/K) = rankz(A(K)) and the leading coefﬁcient
c(A/K) = |det(〈bi, aj 〉)|[I(A/K)](A/K)[A(K)tors][A′(K)tors] .
For the symbols and details, see [5,8]. Denote by BSD(A,K) the conjecture of Birch
and Swinnerton–Dyer for the abelian variety A on K .
We will relax the conjecture of Birch and Swinnerton–Dyer: The leading coefﬁcient
c(A/K) is equal to
|det(〈bi, aj 〉)|[I(A/K)](A/K)
[A(K)tors][A′(K)tors] up to sign. Denote by BSD
′(A,K)
this relaxed conjecture for the abelian variety A on K . It is obvious that for any positive
integer n, the conjectures BSD′(A,K) and BSD′(An,K) are equivalent.
Lemma 5.2. Let H be a subgroup of G. Assume that  is an irreducible representation
of H and let  be its character. Then we have
()ResL/K(A) ∼K ResLH /K(()ResL/LH (A)).
Furthermore, BSD(()ResL/K(A),K) and BSD(()ResL/LH (A), LH ) are equiva-
lent.
Proof. Note that ()F [G] ∼= ()F [H ] ⊗F [H ] F [G], that is, ()F [G] is the in-
duced module of ()F [H ]. From Lemma 5.1(2), we know that TG(()F [G]) ∼K
ResLH /K(TH (()F [H ])). Now the equivalence of the Birch and Swinnerton–Dyer
conjectures follows from [5, Theorem 1]. 
Theorem 5.3. Let H1 and H2 be subgroups of G. Let i be an irreducible character of
Hi . Assume m1 IndGH1(1) = m2 IndGH2(2) with positive integers mi . Then the conjecture
BSD′((1)ResL/LH1 (A), LH1) is equivalent to the conjecture BSD′((2)ResL/LH2 (A),
LH2).
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Proof. Deﬁne ni = i (1)|Hi |∑
∈Hi i (−1)i ()
. As we see in the proof of Lemma 5.2,
(i )F [G] is the induced module of (i )F [Hi]. For an irreducible character 	 of G,
we know that
	((i )) =
ni
|Hi | 	
∑
∈Hi
i (
−1)
 = ni|G| 	
(∑
∈G
IndGHi (i )(
−1)
)
.
Then ((1)F [G])m1n2 and ((2)F [G])m2n1 are isomorphic as F [G]-modules. Be-
cause TG is an additive functor, TG((1)F [G])m1n2 ∼K TG((2)F [G])m2n1 . Now
from Lemma 5.1(2),
ResLH1/K(TH1((1)F [H1]))m1n2 ∼K ResLH2/K(TH2((2)F [H2]))m2n1 .
From the fact that THi ((i )F [Hi]) ∼LHi (i )ResL/LHi (A) the theorem follows. 
Corollary 5.4. We assume the notations in the previous theorem and proof. Assume
n1 IndGH1(1) = n2 IndGH2(2). Then we have ResLH1/K((1)ResL/LH1 (A)) ∼K
ResLH2/K((2)ResL/LH2 (A)).
Furthermore, BSD((1)ResL/LH1 (A), LH1) is equivalent to BSD((2)ResL/LH2 (A),
LH2).
Proof. From the previous theorem and proof, it is obvious. 
Corollary 5.5. Let f (x) be a cubic polynomial deﬁned over Q such that y2 = f (x)
deﬁnes an elliptic curve, denoted by E. Assume 
 /∈ Q2 and a2 − b2
 /∈ Q2
for a, b, 
 ∈ Q. Let E1 be an elliptic curve given by the equation (a+b√
)y2 = f (x)
on Q(√
) and let E2 be an elliptic curve given by 2(a +
√
a2 − b2
)y2 = f (x)
on Q(√a2 − b2
). Then the conjecture BSD(E1,Q(√
)) and the conjecture BSD(E2,Q
(
√
a2−b2
)) are equivalent. Furthermore, ResQ(√
)/Q(E1) ∼Q ResQ(√a2−b2m)/Q(E2).
Proof. Let L = Q(√a + b√
,√a − b√
). Then it is easy to show that G = Gal(L/Q)
∼= D4, dihedral group. Then G = 〈, |4 = 2 = 1,  = 3〉 with ,  ∈ G
such that L = Q(√a + b√
) and L = Q(√2(a +√a2 − b2
)). Deﬁne a character
1 : H1 := {1, ,2,2} → {±1} such that 1() = 1 and 1(2) = −1. Deﬁne
2 : H2 := {1,,2,3} → {±1} such that 2() = 1 and 2(2) = −1. Then
it is easy to show (1)ResL/LH1 (E) ∼LH1 E1 and (2)ResL/LH2 (E) ∼LH2 E2. Now
IndGH1(1) = IndGH2(2). So from the previous corollary, the corollary is immediate. 
Example. Suppose E : y2 = x3 + c1x + c2 is an elliptic curve with c1, c2 ∈ Q, with
complex multiplication by the ring of integers O of an imaginary quadratic ﬁeld K .
Let m be a square-free integer. Suppose
√
a2 − b2m ∈ K − Q where a, b ∈ Q. Let
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E1 : (a + b√m)y2 = x3 + c1x + c2 be an elliptic curve deﬁned over Q(√m). If
L(E1/Q(
√
m), 1) = 0, then BSD(E1,Q(√m)) holds up to an element of K divisible
only by primes dividing #(O×).
Proof. Let E2 : 2(a+
√
a2 − b2m)y2 = x3+ c1x+ c2 be an elliptic curve deﬁned over
K . From the previous corollary we get ResQ(√m)/Q(E1) ∼Q ResK/Q(E2). Because
L(E2/K, 1) = L(ResK/Q(E2)/Q, 1) = L(ResQ(√m)/Q(E1)/Q, 1) = L(E1/Q(
√
m), 1)
= 0, the conjecture BSD(E2,K) holds up to an element of K divisible only by primes
dividing #(O×) by Theorem in [7, p. 25]. So by the previous corollary, the conjecture
BSD(E1,Q(
√
m)) holds up to an element of K divisible only by primes dividing
#(O×). 
Acknowledgments
The author thanks Professor Jae-Hoon Kwon for many helpful discussions.
References
[1] L. Dornhoff, Group Representation Theory Part A: Ordinary Representation Theory, Marcel Dekker,
Inc., New York, 1971.
[2] P.J. Hilton, U. Stammbach, A Course in Homological Algebra, Graduate Texts in Mathematics, vol.
4, Springer, New York, Berlin, 1971.
[3] N. Jacobson, Basic Algebra, II, Freeman, San Francisco, CA, 1980.
[4] E. Kani, M. Rosen, Idempotent relations and factors of Jacobians, Math. Ann. 284 (1989) 307–327.
[5] J.S. Milne, On the arithmetic of abelian varieties, Invent. Math. 17 (1972) 177–190.
[6] B. Poonen, The Grothendieck ring of varieties is not a domain, 24 April 2002,
arXiv:math.AG/0204306.
[7] K. Rubin, The “main conjectures” of Iwasawa theory for imaginary quadratic ﬁelds, Invent. Math.
103 (1) (1991) 25–68.
[8] J. Tate, On the conjectures of Birch and Swinnerton–Dyer and a geometric analog, in: Séminaire
Bourbaki, 1965–66, exposé 306.
[9] A. Weil, Adeles and algebraic groups, Progr. Math. 23 (1982).
[10] H. Yu, Idempotent relations and the conjecture of Birch and Swinnerton–Dyer, Math. Ann. 327
(2003) 67–78.
[11] Yuri G. Zarhin, Hyperelliptic jacobians without complex multiplication, Math. Res. Lett. 7 (2000)
123–132.
